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Suppression of Undesired Inputs of Linear Systems by
Eigenspace Assignment

Qiang Zhang, G. L. Slater, and R. J. Allemang
University of Cincinnati, Cincinnati, Ohio

In this paper, a method using output feedback is proposed to suppress the response of linear systems to
undesired inputs and, in particular, to reduce the vibration response of flexible structures to these inputs. This
method does not need to measure undesired inputs (or external forces). The analysis assumes that the location
of the undesired inputs are known, although the general time dependency is unknown. The feedback gain matrix
is calculated to assign the eigenvalues and left-hand eigenvectors of the closed-loop system to specified values.
The effect of the undesired inputs on a closed-loop system can be altered or significantly reduced by properly
choosing the left-hand eigenvectors of the system. The stability of the control system is guaranteed by properly
choosing the output matrix, which can decouple the controlled modes from the uncontrolled modes. An example
of forced vibration of a simple flexible structure is presented to demonstrate the proposed method.

Nomenclature
= (N x N) system matrix
= (N x m) input matrix
= (/ x TV) output matrix
= N x n ) external force matrix
= (m x r) feedback gain matrix
= external force

[H][P][T][Z] = matrices, see Eqs. (18-23)
[hi] = ith column of [H]
m = number of controls
TV = order of the state model of linear system

[A]
[B]
[D]
[E]
[F]

n
(pi ]

r
[ u ( t ) }
( x ( t ) }
(y(t) )
[A]
[A.(d)]

= number of external forces
= combination vector between left eigenvectors

of open-loop and closed-loop system
= number of outputs
= control vector
= state vector
= output vector
= diag { \i } eigenvalue matrix of [A ]
= diag {Xj^ ) desired eigenvalue matrix
= right eigenvector matrix of [A ]
= submatrix [$] corresponding to controlled

modes
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= submatrix of [$] corresponding to
uncontrolled modes

= (TV x q) submatrix of [$]
= /th column of [<t>]
= left eigenvector matrix of [A ]
= desired left eigenvector matrix
= (N x q) submatrix of [9], see Eq. (10)
= /th column of [9]
- /th column of [^(fi°]
= matrix
= vector
= transpose of matrix
= inverse of matrix
= pseudoinverse of matrix

Introduction

T HE objective of most active control techniques applied to
flexible structures is to alter the transient response of the

structure for given initial conditions. In contrast with the free
vibration problem, the control of forced vibration has not
been fully investigated. The intent of the control for forced
vibration is to suppress or reduce the effect of external forces
on the structure. The external forces, however, are, in general,
time varying and unpredictable. If the external force is known
or has known statistical properties such as zero mean white
noise, there exist various analytical approaches to handle the
forced response control problem.1 However, for structural
systems, external forces rarely have this particular nature and,
in addition, it is very difficult to measure them with good
accuracy.

In this paper we consider, from a general point of view, the
flexible structure as a linear system represented by a finite-
stage model of order TV, and the external forces are undesired
inputs of the system.

As it will be shown, the response to inputs is governed by
the left eigenvectors of the system. In this paper, we propose
a method to shape the closed-loop response by choice of the
closed-loop eigenvalues and left eigenvectors of the system. If
a left eigenvector of the system matrix is orthogonal to the
columns of the input matrix [E] corresponding to undesired
inputs, then the response in this mode is zero. The purpose of
this paper is to construct a closed-loop system whose domi-
nant left eigenvectors possess this property. This method as-
sumes that the undesired inputs are centralized on certain
fixed points on the structure and the locations of these points
are known.

From a mathematical point of view, the present problem is
a special eigenspace assignment problem. For the early work
in this field, pole placement was of primary interest.2'4 Re-
cently, the assignment of eigenvectors is treated as well as
eigenvalues. A general condition of assignability of eigenval-
ues and eigenvectors using output feedback was given by
Srinathkumar.5 For the controllable and observable system
described by equations

if the matrices [B] and [D] are full rank, then max(ra,r)
closed-loop eigenvalues can be assigned, and max(m,r) eigen-
vectors (or reciprocal vectors by duality) can be partially as-
signed with min(m,r) entries in each vector arbitrarily chosen
using output feedback. Juang et al.6 showed how to generate
an orthogonal basis that spans the admissible eigenvector
space of the closed-loop system using the singular-value de-
composition. An optimal set of eigenvectors corresponding to
assigned eigenvalues were then determined in this subspace in
order to obtain both minimum conditioning and control gains
for the eigenvalue placement problem. Fennell7 also used the
flexibility in eigenvector assignment to reduce control system
sensitivity to changes in system parameters with application to
symmetric flutter suppression.

There are other authors who chose the desired eigenvectors
based on the requirement of a given problem rather than
optimal criteria mentioned previously. Andry et al.8 used
(right) eigenvector assignment to alter the transient response
of the system for decoupling flight control. They showed first
the subspace that represents the admissible eigenvectors of the
closed-loop system, and then found, in this subspace, the
closest eigenvectors to the desired ones. Other related work
concerning eigenstructure assignment can be found in Fahmy
and O'Reilly9 who gave a general mathematical treatment of
the eigenspace assignment problem, Zhang et al.,10 who devel-
oped a modal method and applied it to vibration control of
flexible structures, and Becus and Sonmez11 who combined
eigenstructure assignment with linear quadratic regulator
(LQR) design of a multivariable control system. In the present
paper, the eigenspace to be assigned consists of eigenvalues
and left-hand eigenvectors; hence, the formulation and prob-
lem solution presented in this paper is quite different from
those of the cited references.

In addition to eigenspace placement, the overall closed-loop
stability of the control system must be considered in controller
design. Using output feedback, only a reduced number of
modes can be controlled, and for a high-order structure system
the uncontrolled modes may destabilize the control system. To
avoid this "control spillover," the concept of independent
modal-space control will be very useful, based on which any
number of modes can be controlled independently.12'13 This
method requires as many actuators as the number of con-
trolled modes. In this paper, the analysis shows that, with the
appropriate choice of the output matrix, controlled modes and
uncontrolled modes can be totally decoupled. In addition, the
number of controlled modes, which is equal to the number of
the outputs, is not related to the number of actuators for the
present method.

Problem Background
A linear system can be described by the equations

(1)
(2)

where (jc)€^ ;v, {/}€#", [ y ] £ R r , and {u }tRm are state, in-
put, output, and control vectors, respectively, and [A], [E],
[B], and [D] are constant matrices of appropriate dimensions.

For a structural system, a natural way to define the system
matrix [A] is

0

where [M], [K], and [C] are, respectively, mass, stiffness, and
damping matrices. In this case, the state { x ] T = (pT,vT]T

where [p } is the displacement vector of the N/2 coordinates
and {v } is the vector of the corresponding velocities.

Assume that [A ] can be decomposed as

(3)

where [A]€CNjN is a diagonal matrix of eigenvalues,
is the matrix whose columns consist of the right eigenvectors of
[A], and [^]6CN'N is the matrix of left eigenvectors or "recip-
rocal vectors" of [4J; [$] and [9] are normalized as

The columns of [$] are determined by solution of the standard
eigenvalue problem as

(5)
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while the ( f t ) ([*] = [•
adjoint problem

• ]) are determined from the

(6)

These eigenvectors are closely related to the mode shapes de-
fined in a standard modal analysis of the vibration system.
Also not that whereas Eq. (4) implies that [V]T = [$]"1, these
matrices are of high order and in general we need only a subset
of [$] and [^] for the analysis to follow.

Assume initially that the control input [u(t)} = 0. Then the
response of the system described by Eq. (1) due to input {/)
is

(f(r)}dr (7)

or using the eigenvector matrices

(8)

where [XQ] is the initial condition of [x } at t = 0.
Note that from Eq. (8), we can lead to the conclusion that

the response to extraneous inputs {/} can be eliminated if the
columns of [^] are orthogonal to the columns of [E]. In the
sequel we show how the feedback gain matrix can be chosen to
achieve this.

Problem Statement
Our intent in this analysis is to choose the feedback gain

matrix [F], so as to cause the dominant left eigenvectors to be
orthogonal to the columns of [E]. For the system of Eq. (1),
we desire to find a feedback law that can reduce the effect of
disturbances while stabilizing the system dynamics. For con-
trol assume an output feedback law

(9)

The new system (closed-loop system) matrix [A] is defined as

[A] = [A + BFD]

For the closed-loop matrix [A], denote the transformation
matrices analog to Eq. (3) as

.]

are determined from Eq.

(10)

The goal of this paper is to determine the gain matrix [F] such
that the dominant closed-loop left eigenvectors { ̂  } are ap-
proximately orthogonal to the known disturbance input matrix

Feedback Gain Matrix Computation
For a large structural system it is neither possible nor desir-

able to control all of the modes of a system. Assume that there
are a total of r modes that we desire to control. Now since the
modal vectors span the Af -dimensional space, it is reasonable
to write the desired (closed-loop) left eigenvectors as a linear
combination of the original (open-loop) left eigenvectors. We
will, in fact, restrict the closed-loop eigenvectors further by
assuming the desired eigenvectors are a linear combination of

where the columns of
(10).

a subset of "q" open-loop eigenvectors, which we arrange as
the matrix

for i = !,...,/• (11)

This assumption allows us to use only the known or identi-
fied eigenvectors in the analysis and is justified by noting that
the contribution of high-frequency (open-loop) modes to low-
frequency (closed-loop) modes is generally negligible. This can
be shown as follows. Consider the case where q = AT such that

i = [9]. Rewriting Eq. (10) as

[A T - XJ = (gi 1 , with { g t } = - [BFD]T{ tf* } (12)

and substituting Eq. (11) into Eq. (12) and premultipling by
[<i>]r yields

[A-Xj (13)

The yth component of the vector {p/}, pjf is found from Eq.
(13) as

(14)

This implies that only when X, is close to \^ [ fy} is impor-
tant in the closed-loop model. The truncation error due to
omission of py-/ withy >q is allowable in practice, since it will
be less than other possible errors such as model uncertainty
and extraneous disturbances. According to our experience, the
truncation error in general can be neglected, when q>(l.5 to
2.0)r. In some particular case, if the desired eigenvalues and
eigenvectors are carefully chosen, we can even take q = r. It
must be noted that Eq. (11) does not mean the [9{\ spans the
achievable left eigenvector space of the closed-loop system.
The achievability of the desired left eigenvectors will be dis-
cussed later in this paper.

To determine the feedback gain matrix [F] to achieve eigen-
vector placement, substitute Eq. (11) into Eq. (10) and premul-
tiply by [^]T:

• = 0 (15)

where [AJ is an (r x r) diagonal matrix of open-loop eigenval-
ues of the controlled modes. Equation (15) can be written in a
more convenient form:

for (16)

Equation (16) is the fundamental equation that relates the
old and new eigenvectors, eigenvalues, and the gain matrix
[F]. Not that only the identified eigenvalues and eigenvectors
are required in this formulation. We are interested in what
assignments are possible plus, for a specified eigenspace, we
need an algorithm to solve for the gain matrix [F].

In condensed form, Eq. (16) can be rewritten as

[P] = [Z][H] (17)

where [P] = [ - - -p, • • •], {#) = [X^7 - A7 ] {p,}, [Z] =
[D^]T[F]T,[H] = [B]T[*W]. While the matrices [Z] and [77]
are, respectively, (q x m) and (m x r), [P] is a matrix (q x r)
with rank [P] < min(m,r) (since q>r).

It is well known that any (singular or regular) matrix can be
decomposed as two arbitrary full-rank matrices,14 and if one
of them is given, another will be uniquely determined. For
cases of practical interest, we consider m < r. (In practice, the
number of controls m is, in general, less than the number of
outputs r.) With appropriate choice of the desired^eigenvalues
and eigenvectors, we can pick [P] such that rank [P] = m, and
both [Z] and [H] are full-rank matrices. [H] is a known ma-
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trix, thus the matrix [Z] can be uniquely determined from Eq.
(17). Furthermore, [D$\] is a known square matrix of order r
and is assumed to be nonsingular. Hence, if [Z] is known, the
feedback gain matrix [F] can be obtained as

[F] = (18)

Alternative Form for the Matrix [Z]
If the matrix [Z] were directly resolved from Eq. (17), the

desired eigenvalues and left-hand eigenvectors should be cho-
sen so that rank [P] = m. Otherwise there may be none or an
infinite number of solutions of [Z]. To avoid this problem, we
need to formulate an algorithm that does not require this
explicit calculation and leads to a unique solution of [Z] under
some criteria. Reconsider Eq. (11) and rearrange as

(19)for

- AJ - \ and {hf } is the /th column ofwhere

From Eq. (19) each element $*$ of {^ } can be expressed
as a linear combination of components Zij of the unknown
matrix [Z]. These N x r linear algebraic equations can be ar-
ranged in the matrix form

(20)

where the vector {z} contains the elements z/7 for / = 1, . . .,
q, j - 1 . . ., m> of the unknown matrix [Z]; \^(d)} is a N x r
vector containing all specified components of W^), / = !,...,
r, and |T] is a (TV x r, AW x </) known rectangular matrix.

In general, this set will be over determined; however, a least-
squares solution of Eq. (20) can be obtained as

(21)

where [T]^ is the pseudoinverse of [T], generally obtained by
a singular-value decomposition algorithm. From {z } we may
form [Z]. The feedback gain matrix [F] is then derived from
Eq. (18).

In Eqs. (18-21), it is supposed that r eigenvalues and N x r
entries of left eigenvectors are assigned. This is in contradic-
tion with the theorem shown by Srinathkumar.2 In fact, Eq.
(20) implies that if the vector { \ l / ( d ) } formed from all entries of
the desired left eigenvectors lies precisely in the subspace
spanned by the columns of [T], they will be achieved exactly.
Otherwise, only the projection of [\l/(d)] onto the "achievabil-
ity subspace" can be achieved. Denote {$? } = [T][T]^{\l/(d)]
as the achieved left eigenvector by using the feedback gain
matrix calculated through Eqs. (18-20); it is the closest left
eigenvector to the desired one in the least-square sense, i.e.,

(22)

In many practical cases only certain components of
are required to be specified. A typical situation is that each of
the columns of [E] contains only m dominant components. In
this case where only m entries are to be specified for each left
eigenvector, only those components specified are used in Eq.
(20). The vector {\[/(d)} consists of the r x m specified entries,
and [T] becomes a square matrix of order r x m. The feedback
gain matrix derived from Eqs. (18-21) can guarantee these
specified components to be totally achieved.

Stability of the Control System
Since only a reduced number of modes (r among N) are

controlled, it is possible that spillover into uncontrolled modes
might destabilize the control system. Porter and Crossley15

define the mode-controllability matrix: [Q] = [¥]r[£]. It is
easily shown that the /th mode is controllable by they th input,
if and only if <?// ^ 0. In this paper we extend the mode control-
lability for overall stability of the closed-loop system. It can be
proved that N — r uncontrolled higher modes will become un-
controllable by properly chosing the control influence matrix
[£>]. Partition the matrix of right eigenvectors of the open-
loop system [$] into the two submatrices: [$] = [$c,3>t/]»
where [$c] consists of the columns of [$] corresponding to the
controlled modes, and [$j/] are eigenvectors of uncontrolled
modes. If the matrix [<£[/] is in the null-space of [D], the N — r
eigenvalues of uncontrolled modes of the closed-loop system
become uncontrollable, i.e., they are identical to those of the
open-loop system. For a proof of this statement we note that
from Eq. (10) the eigenvalues of the closed-loop system A^ are
the roots of the characteristic equation

det[A = 0 (23)
Let

[FTBTV] = [F] = [Fc,Fu] with

Considering the orthogonality of [D] to

Substituting Eq. (24) into Eq. (23)

Equation (25) can be written in the equivalent form

det[Ac + Fc - - det[A[/ - = 0

(24)

(25)

(26)

Equation (28) shows clearly that \W = X/ for i = r + 1,. . .,' N.
Since the open-loop system is presumed stable and the r eigen-
values of the controlled modes lay naturally in the left half of
the complex plane, the stability of the control system is guar-
anteed.

The assumed form of the output matrix implies that the
rows of [D] are the linear combination of columns of [&\]9 the
left eigenvectors of the controlled modes of the open-loop
system. It has to be mentioned that in this section we only give
a mathematical criterion to decouple controlled modes with
uncontrolled modes; however, how to obtain such an output
matrix [D] in practice must be investigated case by case.

Control Implementation on Flexible Structures
In this section, we return to flexible structures and several

practical problems of control implementation are discussed.

Data Base
The data base required by the proposed method consists of

the controlled eigenvalues and eigenvectors of the original
structure (open-loop system). These modal parameters can be
either from an analytical model of the structure, such as a
finite-element model, or from modal identification of the de-
sired modes.

The advantages of using the modal identification are that
this method avoids the modeling errors due to discretization
and uncertainty in structural characteristics, and also that
an on-line modal identification implement can be effective
in cases where the system exhibits time variation or nonlinear
characteristics, which may produce significant variation in
modal characteristics from nominal design. Considering the
recent advances in the modal identification area,16"21 the
proposed method can be used to build up an integrated identi-
fication/control procedure in a realistic flexible structure
problem.
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Fig. 1 Test structure.
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Fig. 2 Power spectrum of external force configuration 1.

0J0 —

p 0.08 —

O

{^^^k^^jtl^^k——^sjjJLJu

0^0 2&00 40#0 6a00 80^0 10
Preq. (Hz)

Fig. 3 Power spectrum of external force configuration 2.

Selection of the Controlled Modes
Since only r modes can be controlled among total N modes,

one has to first decide which modes are to be controlled. Since
the excitation of higher-order modes needs more energy than
lower-order modes, a reasonable approach is to consider the
lowest modes to be controlled. A singular perturbation tech-
nique22 or a balanced realization technique23 also can be used
to select the controlled modes. For the present problem the
selection of the controlled modes depends on the external
forces. If the power spectrum of the external forces can be
approximatively estimated, the controlled modes must cover
the frequency bandwidth where the main energy of the exter-
nal forces is concentrated. The numerical example given in the
next section will show how it is important to select controlled
modes differently for different external force configurations.

Numerical Example
As an illustration, let us consider a uniform beam fixed at

one end and free at the other. A finite-element model of this
beam is composed of four elements having a total of 8 degrees
of freedom (translation and rotation at each node). The actu-
ators are implemented at point 1 (PI) and at 3 (P3). A single
external force is applied at the free end of the beam [at point
4 (P4) in the direction of translation, which is arranged as
degree of freedom 7], The force vector {/} and the matrix [E]
have the following forms:

SIMULRTION RESULTS

0

[E]

R

Time (sec.)
Fig. 4 Global response of the structure without control (external
force configuration 1).

The desired left eigenvector of the controlled modes ffi is
chosen such as

where the 0 corresponds to the only nonzero element of the
force vector {/}.

Two different configurations of the external force are con-
sidered:

1) The external force is the sum of sinusoidal function
whose frequency is 2 Hz, and a random (white noise) function
(see Fig. 2).
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2) The frequency of the sinusoidal function is at 25 Hz, and
the random function is unchanged from 1 (see Fig. 3).

In the first configuration, only the two lowest modes are
controlled. Figure 4 shows the norm of the response to the
external force described previously without applying the active
control. The forced response vector (x(t)} contains only the
translations of the elements, and the norm is defined as

(27)

SIMULflTION RESULTS
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Fig. 5 Global response of the structure under control (two modes)
(external force configuration 1).

SIMULRTION RESULTS

R
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Fig. 6 Global response of the structure without control (external
force configuration 2).

SIMULRTION RESULTS

R

(sec.)
Fig. 7 Global response of the structure under control (external force
configuration 2).

Figure 5 shows ||jc|| with the active control. Comparing Fig.
5 with Fig. 4, we see that the global vibration of the structure
is significantly reduced by using the proposed method. Note
that since the main energy of the external force is at 2 Hz, the
contribution of higher modes on the response is very weak,
and the effect of the external force can be greatly reduced by
shaping the two lowest modes whose natural frequencies are
1.5 and 9.5 Hz, respectively.

In the second configuration, we control successively the two
lowest modes and then the four lowest modes. The results
without and with control effect are shown in Figs. 6-8. From
these figures we see now th^t controlling two modes is not
enough to reduce the vibration of the structure, because these
modes do not cover the frequency bandwidth where the energy
of the external force is concentrated.

In this numerical example, assume the full state vector is
measured, and each output is a linear combination of the
states. The output matrix [D] is chosen as [D] = [$i\T, and so
the controlled modes are completely decoupled from uncon-
trolled modes. The original, desired, and achieved eigenvalues
of both cases are represented in Tables 1 and 2.

SIMULRTION RESULTS
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Fig. 8 Global response of the structure under control (four modes)
(external force configuration 2).

Table 1 Original, desired, and achieved eigenvalues

Mode no.
1
2
3
4
5
6
7
8

Original
-0.446+y9.484
-1. 978 +j 59.48
-0.002+7167.8
-2.096+7*331.0
-0.009+7*615.7
-1.758+7988.8
-0.077+71568.0
-0.020+7*2572.0

Eigenvalues'1

Desired
-0.750+7*30.00
-1.250+760.00

Achieved
-0.750+7*30.00
-1.250+7*60.00
-0.002+7*167.8
-2.096+7*331.0
-0.009+7*615.7
-1.758+7*988.8
-0.077+7*1568.0
-0.202+7*2572.0

aTwo modes assigned.

Table 2 Original, desired, and achieved eigenvalues

Eigenvalues5*
Mode no. Original Desired Achieved

-0.446+7*9.484
-1.978+7*59.48
-0.002+7*167.8
-2.096+7*331.0
-0.009+7*615.7
-1.758+7*988.8
-0.077+7*1568.0
-0.020+7*2572.0

-0.750+7*30.00
-1.250+7*60.00
-0.750+7*190.0
-1.250+7*350.0

-0.750+7*30.00
-1.250+7*60.00
-0.750+7*190.0
-1.250+7*350.0
-0.009+7*615.7
-1.758+7*988.8
-0.077+7*1568.0
-0.202+7*2572.0

aFour modes assigned.
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Concluding Remarks
A special eigenspace assignment method is presented. The

main application of the proposed method is to suppress certain
undesired inputs of linear systems. The advantage of this
method is that it does not need to measure the undesired in-
puts. Hence, when the undesired inputs are applied at specified
known locations, this method can be used. The numerical
example presented in this paper illustrates how the global vi-
bration of a flexible structure can be significantly reduced.

Using this method, the number of controlled modes is equal
to the number of outputs r, which depends on the dimension
of the controlled modal space of the open-loop system. From
a practical point of view, this means that with few actuators,
quite a large number of modes can be controlled, which is
another advantage of the proposed method.

It has to be noted that for application of the proposed
method, the selection of the location of the actuators is impor-
tant, especially for large complex structural systems. If the
actuators are placed at node points of a mode, this mode
cannot be changed by the control forces. A bad distribution of
the actuators in the structure can also cause an ill-conditioning
of the matrix [T\. In contrast, a suitable distribution of the
actuators on the structure can improve the performance of the
control system. Hence, before the implementation of the con-
trol system, a sensitivity analysis is advised to guide the selec-
tion of the location of the actuators.

For the present method, the stability is guaranteed by choos-
ing an appropriate output matrix whose rows should be a
linear combination of the left eigenvectors of the controlled
modes of the open-loop system. This implies that the full state
vector has to be measured or reconstructed which might be a
critical point for the application on large structural systems.
However, for many systems, the required excitation energy
and the inherent damping of the higher modes mean in practice
that these modes may often be neglected. Further, by restrict-
ing the bandwidth of the controller and including all modes
below this cutoff frequency, the control system will maintain
stability. The direct system parameter identification technique
provides a low-order model governing the response of the
system to inputs in a given frequency bandwidth.24 Further
work to provide a more general stability condition would be
desired.
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